A unified analytic solution to the Busemann-Petty problem was recently found by Gardner, Koldobsky and Schlumprecht. We give an elementary proof of their formulas for the inverse Radon transform.
On R n , we denote the scalar product by ·, · and the Euclidean norm by | · | . We write B n for the unit ball and S n−1 for the unit sphere; v n and s n−1 are their volumes. If K ⊂ R n is a star body, its radial function is defined, for x ∈ S n−1 , by ρ K (x) = sup {λ > 0 ; λx ∈ K} ·
The connection between the Busemann-Petty problem and the spherical Radon transform R is due to Lutvak [L] . Recall that R acts on the space of continuous functions on S n−1 :
for ξ ∈ S n−1 . Here σ n−2 is the Haar measure on principal n − 2 spheres of total mass s n−2 . It follows from Lutvak [L] , Zhang [Z1] , that the Busemann-Petty problem has a positive answer in R n if and only if every symmetric convex body K in R n , with positive curvature and C ∞ radial function, is such that R −1 ρ K is a non-negative function. The paper [GKS] contains the following expression of R −1 ρ K in terms of
Theorem Let n ≥ 3. Let K ⊂ R n be an origin-symmetric star body, with
If K is convex and symmetric, the latter is non-negative (the largest section orthogonal to ξ is indeed the one through the origin).
Proof: We first compute the Radon transform of A ξ (t), t ≥ 0. Let e ∈ S n−1 and set f (t) := R(ξ → A ξ (t))(e). We identify e ⊥ and R n−1 . For y ∈ R n−1 , we set φ(y) = Vol 1 (K ∩ (y + Re)). Then
This quantity, as a function of φ, is linear continuous and rotation invariant. Hence there exists a measure µ t on R + such that
Let us denote the previous inner integral by Φ(r). Observe that Φ is compactly supported. Applying the definition of µ t with the function φ = 1 rB n−1 yields
Consequently, dµ t (r) = s n−3 r(r 2 −t 2 ) n−4 2 1 {t≤r} dr. With the previous notation, we have proved that
2 Φ(r) dr.
Our aim is now to relate this quantity to Φ(0) = 2ρ K (e)s n−2 .
If n is even: Set N = n−4 2
. By Newton's formula
Writing Φ(r) = Φ(0) + o(r), one can check that the coefficient of t n−2 in the expansion at 0 of the previous quantity is
since, by our regularity assumptions, Φ is C ∞ in some neighborhood of 0. Thus
We conclude by changing the order of the Radon transform and the derivative. Notice that the case n = 4, which was historically the latest, is here very simple.
If n is odd: Assume that Φ is C ∞ and compactly supported. Integrating by parts,
Then the quantity F (t) − P (t) t n−1 is equal to
By Fubini's theorem and since
which is finite. Thus, P is the Taylor polynomial of F of order n − 3 at zero. A soft manner to compute c n is to run the previous computation for Φ(r) = e −r 2 . By a classical approximation argument, we can remove our additionnal regularity assumption on Φ. We end the proof by changing the order of the Radon transform and the distribution t −n+1 . 2
